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Centroid-based Actionable
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Abstract—Actionable 3D subspace clustering from real-world continuous-valued 3D (i.e. object-attribute-context) data promises
tangible benefits such as discovery of biologically significant protein residues and profitable stocks, but existing algorithms are
inadequate in solving this clustering problem; most of them are not actionable (ability to suggest profitable or beneficial actions
to users), do not allow incorporation of domain knowledge and are parameter sensitive, i.e. the wrong threshold setting reduces
the cluster quality. Moreover, its 3D structure complicates this clustering problem. We propose a centroid-based actionable 3D
subspace clustering framework, named CATSeeker, which allows incorporation of domain knowledge, and achieves parameter
insensitivity and excellent performance through a unique combination of singular value decomposition, numerical optimization
and 3D frequent itemset mining. Experimental results on synthetic, protein structural and financial data show that CATSeeker
significantly outperforms all the competing methods in terms of efficiency, parameter insensitivity, and cluster usefulness.

Index Terms—3D subspace clustering, Singular Vector Decomposition, numerical optimization, protein structural and dynamics

analysis, financial data mining.

1 INTRODUCTION

LUSTERING aims to find groups of similar objects
Cand due to its usefulness, it is popular in a large
variety of domains, such as geology, marketing, etc. Over
the years, the increasingly effective data gathering has
produced many high dimensional datasets in these domains.
As a consequence, the distance (difference) between any
two objects becomes similar in high dimensional data, thus
diluting the meaning of cluster [1]. A way to handle this
issue is by clustering in subspaces of the data, so that
objects in a group need only to be similar on a subset of
attributes (subspace), instead of being similar across the
entire set of attributes (full-space) [23].

The high-dimensional datasets in these domains also
potentially change over time. We define such datasets as
three-dimensional (3D) datasets, which can be generally ex-
pressed in the form of object-attribute-time, e.g., the stock-
ratio-year data in the finance domain, and the residues-
position-time protein structural data in the biology domain,
among others.

In such datasets, finding subspace clusters per timestamp
may produce a lot of spurious and arbitrary clusters, hence
it is desirable to find clusters that persist in the database
over a given period.
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1.1 Problem Motivation

The problems of usefulness and usability of subspace
clusters are very important issues in subspace clustering
[23]. The usefulness of subspace clusters, and in general of
any mined patterns, lies in their ability to suggest concrete
actions. Such patterns are called actionable patterns [21],
and they are normally associated with the amount of profits
or benefits that their suggested actions bring [21], [45], [46].

The usability of subspace clusters can be increased by
allowing users to incorporate their domain knowledge in
the clusters [22]. To achieve usability, we allow users to
select their preferred objects as centroids, and we cluster
objects that are similar to the centroids.

In this paper, we identify real-world problems, which
motivate the need to infuse subspace clustering with ac-
tionability and users’ domain knowledge via centroids.

Financial Example Value investors scrutinize fun-
damentals or financial ratios of companies, in the belief
that they are crucial indicators of their future stock price
movements [4], [14]. For example, if investors know which
particular financial ratio values will lead to rising stock
price, they can buy stocks having these values of financial
ratio to generate profits. Experts like Benjamin Graham
[14] have recommended certain financial ratios and their
respective values. For example, Graham prefers stocks
whose Price-Earnings ratio (measures the price of the stock
in relative to the earnings of the stock) is not more than
7. However, there is no concrete evidence to prove their
accuracy, and the selection of the right financial ratios and
their values has remained subjective.

On the other hand, investors usually know a (limited)
number of profitable stocks and these stocks can be used as
centroids to find other stocks that are fundamentally similar
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Fig. 1. (a) Example of a 3D financial dataset defined by
stocks, financial ratios and years. The shaded region is
a cluster of stocks s», s3, s4 that have similar financial
fundamentals reflected in financial ratios ro, 3,74, for
year 1-3,5-6,8-10. (b) The price return of the stocks.
Stocks s9, s3, s4 have high price returns.

(in the context of financial ratios) to the centroids, and at
the same time, are profitable. Through this way, investors
can understand which values of financial ratios are related
to high price returns.

Figure 1(a) shows a 3D stock-financial ratio-year finan-
cial data. Let us assume that an investor uses so (that
is worth investing, e.g. Apple) as a centroid. The shaded
region shows a cluster of stocks with centroid s, and they
are homogeneous in the subspace defined by financial ratios
ro, 73,74 and year 1-3, 5,6, 8-10. This cluster of stocks are
actionable (can generate profits) as shown by their high and
correlated price returns ((sold price of stock - purchased
price of stock) / purchased price of stock) (see Figure 1(b)).

Biological Example Figure 2(a) shows a 3D residue-
positional dynamics-time K-Ras protein structural data,
with their corresponding B-factor. The structure of the K-
Ras protein is shown in Figure 2(b).

Biologists are interested in finding regulating residues
that can regulate catalytic residue(s) [41], and these regu-
lating residues have the following two properties:

o Actionable The regulating residues are highly flexible
o Homogeneous The regulating residues have similar
dynamics with the catalytic residue

Flexibility and dynamics are properties of biological
molecules, e.g. proteins [30]. The flexibility of the residues
are indicated by their B-factor, and the dynamics of the
residues are indicated by their positional dynamics across
time.

The catalytic residues can be used as centroids, to find
regulating residues that have similar dynamics with the
centroids and are as flexible as their centroids. For example,
a biologist knows that residue 61 in Figure 2(a) is a
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Fig. 2. (a) An actionable 3D subspace cluster:
Residues shown have similar dynamics (homoge-
neous) in subspace defined by positional dynamics
as, as, ays and time 1-3, 5-6, 9-10, and they have high B-
factor (actionable). (b) The clusters of K-Ras residues
(black spheres) discovered by CATSeeker with residue
61 as centroid (red sphere). Our results (in Section
4.4.1) suggest that the catalytic residues (blue and
red) are regulated by the distant regulating residues
(green) through similar dynamics, in agreement with a
recent experimental study [3]. (c) These residues are
actionable as indicated by their relatively high B-factor.

catalytic residue and uses it as a centroid to find regulating
residues. The shaded region in Figure 2(a) shows residues
29,31,61-62,101, 102, 104-106, which are homogeneous
(similar in dynamics) to residue 61, in the subspace defined
by positional dynamics asg,as,as and timestamps 1-3, 5-
6,9-10. These residues are actionable, as indicated by their
high flexibility (represented by their high B-factor, shown
in Figure 2(c)), and they are potential regulating residues.

These two examples highlight the needs to find action-
able clusters of objects that suggest profits (stocks with
high returns in the financial example) or benefits (regulating
residues that are flexible in the biological example), and
to substantiate their actionability, these clusters should be
homogeneous and correlated across time. In addition, users
should be allowed to incorporate their domain knowledge,
by selecting their preferred objects as centroids of the
actionable subspace clusters.

We denote such clusters as centroid-based, actionable 3D
subspace clusters (CATSs), and we also denote utility as a
function measuring the profits or benefits of the objects. A
CAT should have the following properties:

1) its objects have high and correlated utilities in a set

of timestamps 7', so that the action suggested by the
cluster is profitable or beneficial to users.
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TABLE 1
Properties of continuous-valued 3D subspace
clustering algorithms

MASC| TRICLUSTER| MIC| GS-search
[39] [48] [371] [19]
Domain knowledge incorporation v
Generates 3D subspaces v v
Parameter Insensitive v v
Actionable v

2) its objects exhibit a significant degree of homogeneity
in the subspace defined by a set of attributes A, across

the set of timestamps 7'. This ensures that the high

utilities of its objects do not co-occur by chance.

1.2

Existing 3D subspace clustering algorithms are inadequate
in mining actionable 3D subspace clusters (see Table 1).

Domain knowledge incorporation In protein struc-
tural data, biologists need to know what residues poten-
tially regulate the specified residue(s), and in stock data,
investors want to find stocks which are similar in profit to
the preferred stock of the investor. Hence, users’ domain
knowledge can increase the usability of the clusters [22].
In addition, users should be allowed to select the utility
function suited for the clustering problem.

3D subspace generation In protein structural data,
the residues do not always have the same dynamics across
time [30]. In stock data, stocks are homogeneous only in
certain periods of time [25]. Hence, a true 3D subspace

Limitations of Existing Approaches

cluster should be in a subset of attributes and a subset of

timestamps. Algorithm GS-search [19] and MASC [39] do
not generate true 3D subspace clusters but 2D subspace
clusters that occur in every timestamps.

Parameter insensitivity The algorithm should not rely
on users to set the tuning parameters [22], or the results
should be insensitive to the tuning parameters. Algorithm
GS-search [19] and Tricluster [48] require users to tune
parameters which strongly influence the results.

Actionable  Actionability, that was first proposed in
frequent patterns [21] and in subspace clusters [39], is the
ability to generate benefits / profits.

1.3 Proposed Solution

We propose mining Centroid-based, Actionable 3D
Subspace clusters (CATSs) with respect to a set of cen-
troids, to solve the above issues.

CATS allows incorporation of users’ domain knowledge,
as it allows users to select their preferred objects as
centroids, and preferred utility function to measure the
actionability of the clusters. 3D subspace generation is

allowed, as CATS is in subsets of all three dimensions of

the data.

Mining CATSs from continuous-valued 3D data is non-
trivial, and it is necessary to breakdown this complex
problem into sub-problems: (1) pruning of the search space,
(2) finding subspaces where the objects are homogeneous

and have high and correlated utilities, with respect to the
centroids, and (3) mining CATSs from these subspaces.

We propose a novel algorithm, CATSeeker, to mine
CATSs via solving the three sub-problems:

(1) CATSeeker uses SVD to prune the search space,
which can efficiently prune the uninteresting regions, and
this approach is parameter-free.

(2) CATSeeker uses augmented Lagrangian multiplier
method to score the objects in subspaces where they are
homogeneous and have high and correlated utilities, with
respect to the centroids. This approach is shown to be
parameter insensitive [33], [39].

(3) CATSeeker uses the state of the art 3D frequent
itemset mining algorithm [5], [13], [18] to efficiently mine
CATSs, based on the score of the objects in the subspaces.

1.4 Our Contributions

This paper is a substantial extension of an earlier work
[39], and the differences are explained in Section 5. The
following summarizes our contributions:

o We identify the need to mine centroid based, action-
able 3D subspace clusters (CATSs), which are clusters
of objects that suggest profits or benefits to users,
and users are allowed to incorporate their domain
knowledge, by selecting their preferred objects as
centroids of the clusters.

o We propose algorithm CATSeeker, which uses a hy-
brid of SVD, optimization algorithm and 3D frequent
itemset mining algorithm to mine CATSs in an effi-
cient and parameter insensitive way.

e« We conduct a comprehensive list of experiments to
verify the effectiveness of CATSeeker and to demon-
strate its strengths over existing approaches:

- Robustness Correct clusters are found using CAT-
Seeker, even with 20% perturbation in the data.

- Parameter-insensitivity Correct clusters are found
across diverse settings of CATSeeker’s tuning param-
eters.

- Effectiveness CATSeeker has on average 180%
higher accuracy in recovering embedded clusters than
current subspace clustering algorithms.

- Efficiency CATSecker is at least 2 orders of mag-
nitude faster than the other centroid-based subspace
clustering algorithm MASC.

- Applications on real-world data We show that
CATSeeker has 82% higher profit/risk ratio than the
next best approach in financial data, and is able to
discover biologically significant clusters where other
approaches have not succeeded.

2 PROBLEM FORMULATION

We deal with a continuous-valued, 3D data D, with its di-
mensions defined by objects O, attributes A and timestamps
T. Let the value of object o on attribute ¢ and in timestamp
t be denoted v,q:. We denote feature (a,t) as a pair of
attribute @ and timestamp t. Let ¢ be an object selected
as the centroid. We denote h.(v,qt) as a homogeneous
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function to measure the homogeneity between object o and
centroid ¢, on attribute @ and in timestamp ¢.

We denote homogeneous value s,q: as the output of the
homogeneous function h.(veat), i-€. he(Voat) = Soar- We
allow users to define the homogeneous function, but the
homogeneous values must be normalized to [0, 1], such
that s, = 1 indicates that the value v,q; is “perfectly”
homogeneous to the value of the centroid v..:, while
Soat = 0 indicates otherwise.

We use the Gaussian function as the homogeneous func-
tion, as it normalizes the similarity between object o and
centroid ¢ on feature (a,t), to [0,1]. The homogeneous
function is given as:

he(Voat) = exp (—'“20;”') (1
0. is a parameter which controls the width of the Gaussian
function, centered at centroid c. Note that our similarity
function is not symmetric, i.e., h.(Voat) # No(Veat), since
it is calculated based on the distribution of objects centered
at the former object.
The width of the Gaussian function is estimated using
k-nearest neighbors heuristic [32], which is defined as:

1
>

neNeighecat

disty(c,n) (2)

Netgheq is the set of k-nearest neighbors of object o
on feature (a,t), and & = p|O|, given that p is the
neighborhood parameter defined by users. The k-nearest
neighbors is obtained by using Equation 1.

The k-nearest neighbors heuristic adapts the width of
the Gaussian function accordingly to the distribution of the
objects projected in the data space of attribute a, thus it
is more robust than setting o, to a constant value. In our
experiments, we show that the results are insensitive to
a considerable range of p. We denote the homogeneous
function as h(v,q¢) if centroid ¢ is known.

To improve the quality of clusters, we define u,; as the
utility of object o at time ¢. The higher the utility, the higher
the quality of an object is.

Definition 1: (CENTROID-BASED, ACTIONABLE 3D
SUBSPACE CLUSTER (CATS)) Let C' be a cuboid
defined by O x A x T, where O C O, AC Aand T C T.
Given a centroid ¢, C' is a CATS, if Yo € O: o has

« high homogeneity, i.e., V(a,t) € A X T : h(voar) =

Soat 18 high

o high and correlated utilities, i.e., Vt € T': uy is high.

We do not set thresholds to explicitly define the good-
ness of the objects’ homogeneity, utility and correlation
for CATSs, as setting the right thresholds is generally
a ‘guessing game’. Instead, our algorithm optimizes an
objective function (Equation 4) that factors in the objects’
homogeneity, utility and correlation to obtain the optimal
set of CATSs.

We only mine maximal CATSs to remove redundancies
in the results. A CATS O x A x T is maximal if there is no
other CATS O’ x A’ x T' such that O C O’, A C A’ and

T C T'. Since the mined CATSs are maximal, we omit the
term ‘maximal’ for conciseness.

Definition 2: (CATS MINING PROBLEM) Given a
continuous-valued 3D dataset D and a set of centroids
{c1,...,¢n}, we set out to find all CATSs O x A x T
with respect to the given centroids.

Selection of centroids The centroids are selected by
users and centroid selection is different from parameters
setting. Centroid selection allows incorporation of users’
preference or domain knowledge into the clustering results,
e.g., in the stocks data, users can select high quality stocks
such as Apple as the centroids. If domain knowledge is not
available, users can use certain functions on the utility to
select the centroids. For example, we can select centroids
whose average utilities T, = = Y, . o are higher than
a threshold ;..

3 ALGORITHM CATSEEKER

The framework of CATSeeker is illustrated in Figure 3,
which consists of three main modules:

1. Calculating and pruning the homogeneous tensor
using SVD: Given a centroid ¢, we define a homogeneous
tensor S € [0, 1]/OXIAIXITI which contains the homogene-
ity values s,,; With respect to centroid c. The first dataset
of Figure 3 shows a 3D continuous-valued dataset with
centroid o5, and the second dataset shows its homogeneous
tensor.

Mining CATSs from the high-dimensional and
continuous-valued tensor S is a difficult and time
consuming process. Hence, it is vital to first remove
regions that do not contain CATSs. A simple solution is
by removing values s, that are less than a threshold, but
it is impossible to know the right threshold. Hence, we
propose to efficiently prune tensor .S in a parameter-free
way, by using the variance of the data to identify regions
of high homogeneity values s,4;.

2. Calculating the probabilities of the values using
the augmented Lagrangian Multiplier Method: = We
use the homogeneous tensor S with the utilities of the
objects to calculate the probability of each value v,,: of
the data to be clustered with the centroid ¢, as shown in
the fourth dataset of Figure 3. We map this problem to
an objective function, and use the augmented Lagrangian
Multiplier Method to maximize this function. This approach
is robust to perturbations in data and less sensitive to the
input parameters [33].

3. Mining CATSs using 3D closed pattern mining:
After calculating the probabilities of the values, we binarize
the values that have high probabilities to ‘1’, as shown in
the fifth dataset of Figure 3. We then use efficient 3D closed
pattern mining algorithms [5], [18] to efficiently mine sub-
cuboids of ‘1, which correspond to the CATSs. An example
of a CATS is shown in the last dataset of Figure 3.

3.1

The pruning is done using Algorithm SVDpruning
(shown in Algorithm 1).

Pruning the Homogeneous Tensor Using SVD
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Algorithm 1 SVDpruning

Input:
|O| x |A| x |T| homogeneous tensor S
Output:
Pruned homogeneous tensor S
Description:
1: M = unfold(S);
2: add dummy row and column to M;
while true do
4 N <« zero_mean_normalization( M)
5. UXV'<+ N //SVD decomposition of N
6:  u <« principalComp(U); v <« principalComp(V")
7¢
8

w

calculate thresholds 7, 7o
: prune row ¢ of M if [u(i)| < 7, 1 <1 <m
9:  prune column j of M if |v(j)| <7y, 1 <j<mn
10:  if there is no pruning then break
11: end while
12: remove dummy row and column from M
13: S = fold(M);

g

S 01]01}01}0.1]0.1

Objects
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Convert Probability o 11 12 T3 R
Tensor to Binary »
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Fig. 3. Framework of algorithm CATSeeker

Unfolding of homogeneous tensor  Algorithm SVD-
pruning uses SVD to handle matrices. Hence, we need
to unfold the homogeneous tensor S into a matrix M
(Line 1), using the matrix unfolding function unfold :
RICIXAXITI . RIOXIAXITD [40]. For example, a
{01,02,03,04,05} x {a1,a2} x {t1} homogeneous tensor
S is unfolded into a {o1,02,03,04,05} x {aity,asts}

Feature
Object ay,ty as, ty dummy Object u
01 0.85 0.1 0 01 -0.513
02 0.9 0.5 0 02 -0.6076
03 1 0.1 0 03 -0.6007
04 0.01 0.3 0 04 -0.0549
05 0.05 0.2 0 05 -0.0619
dummy 0 0 0 dummy 0
(@ (b)
1
© 0.8
o
S o6
Qo
‘© 04
2 /
(%) /
Feature v 02 i
ay, t1 -0.963 0
ag,ty -0.2694 0.1 02 0.3 04 05 06 0.7 0.8 09 1
dummy 0 Cluster volume in the data (%)
© (d)

Fig. 4. (a) A homogeneous matrix M which the shaded
region contains high homogeneous values. (b), (c)
The principal components of M where their elements
indicate the objects’ or features’ contribution to the vari-
ance of the new basis. (d) Effectiveness of SVDpruning
with respect to the volume of the CATS in the dataset
D.

homogeneous matrix M. SVD involves calculating the co-
variance matrix of M, and combining the attribute and time
dimensions in function unfold, instead of other dimensions,
results in less memory usage.

Figure 4(a) shows an example of homogeneous matrix
M. The rows of M correspond to objects o while the
columns correspond to features (a,t). Each entry of M
is the homogeneous value of object o to centroid ¢, at
feature (a,t). We add a dummy row and a dummy column
containing all ‘0’ to M, to stretch the variance of the values
of the matrix M.

Gist of the pruning The gist of this algorithm is in
using the variance of the homogeneity values to guide the
pruning process. By using SVD on the matrix M, we can
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calculate the variance of the homogeneity values of each

row(object) or column(feature) of M. A row or column that

contains high homogeneity values has high variance, as its
values are away from the dummy ‘0’ values. Therefore, we

keep those rows or columns that have high variance, and

discard the rest. In the homogeneous matrix M of Figure
4(a), we keep rows 01, 02,03 and column (aq,t;) as they
have high variances, and prune the rest.

Instead of matrix SVD, we could use tensor SVD [10],

which does not unfold the tensor to matrix. However, tensor

SVD is too aggressive in its pruning, as removing an object,
attribute or time means removing a matrix of the tensor.

Usage of principal components to find rows and
columns of high variance
algorithm SVDpruning. We first perform zero mean normal-
ization on matrix M to obtain the zero mean normalized
matrix N (Line 4), which will later be used to calculate
the covariance matrices. Let m,n be the number of rows
and columns of M respectively. Zero mean normalization is
done by calculating each column mean avg; of M, i.e. Vj €
{1,...,n} : avg;=L 3" M(i, j), and then subtracting
each entry of M with its corresponding column mean, i.e.
Vie{l,...,n}: N(i,j)=M(i,j) —avgj,i € {1,...,m}.

Next, we calculate NN’ and N’N, the covariance ma-
trices of the homogeneous values in the object space and
feature space respectively (N is the conjugate transpose
of matrix N). We use SVD to decompose both covariance
matrices, as follows:

NN' =UXU’ 3)
N'N = V2!
U is a m x m orthonormal matrix (its columns are the

eigenvectors of NN’), ¥2 is a m x n diagonal matrix
with the eigenvalues on the diagonal, and V is a n x n

orthonormal matrix (its columns are the eigenvectors of

N'N).

The eigenvectors show the principle directions of the ho-
mogeneous values and the eigenvalues indicate the variance
of the homogeneous values in the principle directions. The
eigenvector with the largest eigenvalue is known as the
principal component. We denote u and v as the principal
components of NN’ and N’N respectively (Line 6), i.e.,
u and v are the respective principal components of homo-
geneous matrix M in object and feature spaces.

The principal components can project the homogeneous

values in new bases which show the maximum spread of

the homogeneous values. That is, an object o is projected
into the new basis using N (o, 1)v(1)+N(0,2)v(2)+...+
N(o,n)v(n), and a feature 7 is projected into the new basis
using N(1,4)u(l) + N(2,9)u(2) + ...+ N(m,i)u(m).

Interestingly, the elements of the principal component
u or v indicate the objects’ or features’ contribution to
the variance of the homogeneous values in the new basis;
objects (features) that have high homogeneous values have
high magnitude in their corresponding elements of their
principal component u (v).

Therefore, we can prune features or objects whose mag-
nitude in their corresponding elements of their principal

We shall explain the steps of

components are small (Line 8 and 9). We proposed a heuris-
tic but parameter-free method to determine the threshold
T, for pruning objects. We sort the absolute value of the
elements of principle component u, find the two adjacent
absolute values with the largest difference, and take the
larger absolute value to be the threshold. Thus, there is a
clear divide between the large and small absolute values.
We use the same approach to determine threshold 7,. For
pruned rows (objects) and columns (features) of matrix M,
we set their homogeneous values to ‘0.

The process of calculating SVD and pruning the matrix
M is repeated until there is no more pruning.

Figure 4(a) shows a homogeneous matrix M where the
unshaded regions are pruned due to their low homogeneous
values. The principal component u of M is shown in Figure
4(b), where objects 04,05 are pruned due to the small
magnitude of their corresponding elements in u. Likewise,
the principal component v of M is shown in Figure 4(c),
where feature (as, t1) is pruned due to the small magnitude
of its corresponding elements in v. After M is pruned, we
fold it back into the homogeneous tensor S' using the fold
function fold : RICXAIXIT _ RIOXIAXITI (Line 13).

Effectiveness of SVDpruning in detecting high homo-
geneous values that are rare For high homogeneous
values that occur infrequently in the dataset, they may be
deemed as outliers and may be pruned. We conducted an
experiment to investigate the effectiveness of SVDpruning
in detecting them. We created a CATS having exact values,
2 attributes, 2 timestamps and 10 objects. We embedded
this CATS into a 3D synthetic dataset D of 10 attributes,
10 timestamps with values from 0 to 1, and we varied its
objects from 400 to 4000, to vary the volume of the CATS
in the dataset. Figure 4(d) shows the correctness (denoted
as significance, see Section 4.2) of obtaining the CATS
using algorithm CATSeeker. SVDpruning does not prune
the objects or features of CATS even if the volume of the
cluster is only 0.4% of the data. Hence this approach is
effective even for extremely small but significant clusters.

3.2 Calculating the Probabilities of the Values

Let poet € R be the probability of object o to be clus-
tered with centroid ¢ on attribute a and at time t. Let
P e RIOIXIAIXITI pe the probability tensor, such that p,;
is an element of it, given the respective indices o, a,t. We
maximize the following objective function to calculate our
probabilities

f(P) = Z Z Zpoat h(voat) Util(uot) “)

o€ acAteT
under constraint
9P)=> > poar—1=0 )
0€OQ acAteT

From this objective function f(P), we can see that the
value v,q; Will have high probability if (1) it is highly
homogeneous to the value of the centroid v, (2) the utility
of its object o is high. As the probabilities are calculated in
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Algorithm 2 BCLM

Input:
Initial probability distribution P,
Output:
The optimal probability distribution P
Description:
1: initialize P2, < 0.001,\ <= 0.1,7 + 1,0 < 10, i + 1
2: while true do
3:  Use L-BFGS(P'"', p1,\) to find an approximate solution
P} of F(P,) such that ||[VF(P: ")|| <7

4. if |P! - Pl < J then return P,

50 if |g(Pa)| < |g(Pi")| then

6: T4 7-0.1//strictly tighten T

7:  else

8: T4 7-:09 //loosely tighten T

9: w4 p-10 //increase penalty violation
10:  end if

1: A= X — - g(PY)
12: L1+ 1
13: end while

each timestamp, the correlation of the utilities of the objects
are implicitly calculated.

We multiply our objective indices h(voq:) and util(ut)
in f(P), instead of summing them, for two reasons. First,
the domains of h(v,q:) and util(u) are different; h(voq)
is normalized to [0, 1], and wutil(u,:) is a real number.
Summing them will result in the objective function to be
bias towards util(u,), and multiplication will remove this
bias. Second, it is undesirable to have negative wtil(uy;)
and summing the objective indices will unintentionally
mitigate negative util(uo), if h(voqt) is high.

Optimizing f(P) under constraint g(P) is a linear pro-
gramming problem, as f(P) and g(P) are linear functions
of the design variable P. Hence, constrained optimization
methods can be used to solve this problem [33].

We use the augmented Lagrangian multiplier method
to maximize the objective function f(P), as this method
is shown to work efficiently and robustly [33], [39]. The
objective function is modeled as the following augmented
Lagrangian function F'(P):

F(P)=—f(P)=Xg(P)+ 59(P)* (6

The augmented Lagrangian multiplier method seeks to
minimize F(P), so we negate f(P) in Equation 6. X is
the Lagrange multiplier, and p specifies the severity of
the penalty on F'(P) when the constraint g(P) is violated.
The augmented Lagrangian multiplier method requires both
f(P) and g(P) to be smooth, which is satisfied in our case.

The constraint function g(P) is a summation of probabil-
ities, and it is possible that only the probabilities involving
the centroid are non-zeros and the rest are zeros. One
remedy is to use a multiplication of probabilities for the
constraint function [7], to ensure all probabilities are non-
zeros. However, we do not force clusters to be created, as
it is possible that a centroid is highly dissimilar to other
objects. In Section 4, we show that clusters can be mined
in both synthetic and real world datasets, which means that
our approach does not give trivial solutions.

We use the augmented Lagrangian multiplier method,
known as the Bound-Constrained Lagrangian Method
(BCLM) [33], to optimize F'(P) (see Algorithm 2). BCLM
exploits the smoothness of both f(P) and g(P) and re-
places our constrained optimization problem with iterations
of unconstrained optimization subproblems, and the itera-
tions continue until the solution converges.

Our 3D problem space is large, which requires solving
large-scale constrained optimization problems, so we need
to keep both the storage and computational costs low to be
efficient. Newton methods [33] require explicit construction
of the Hessian matrix and involve factorization of the ma-
trix, which often result in prohibitive storage and computa-
tional costs in large-scale problems. In contrast, the Hessian
approximations generated by the limited-memory quasi-
Newton methods (e.g. L-BFGS) can be stored compactly,
making them much more efficient than Newton methods for
large problems. Hence, we choose BCLM, which uses the
L-BFGS algorithm to solve the unconstrained optimization
subproblem in each iteration.

In each iteration (Line 3), we minimize F(P*~!) and
generate an approximate solution P? using L-BFGS, such
that the Euclidean norm of the gradient of F(P'~1),
|[VF(P=1)||, is not greater than the parameter 7. Pa-
rameter 7 controls the tolerance level of violation to
the constraint function g(P). The gradient of F(P) is

VF(P) = {58 oc 0,a€ At e T}, with

OF (P)
apaat

= —h(Voat) util(uot)—/\+u(z Z Zpoat—l)

0€OacAteT
(7

Algorithm BCLM requires four parameters, J, A, 7, and
w. In most cases, the results are not sensitive to these
parameters, and hence they can be set to their default
values. Parameter 0 specifies the closeness of the result
to the optimal solution. Thus, d provides the usual trade-
off between accuracy and efficiency, i.e., smaller § implies
longer computation time but better result. Parameter 7
controls the tolerance level of violation to the constraint
g(P). Parameter . specifies the severity of the penalty on
F(P), when the constraint is violated. Lastly, parameter A
is the Lagrange multiplier, and details of A is in [33].

We initialize the probability distribution P! by allocating
equal probability to each object, i.e. m. Param-
eters 7 and p are set to 1 and 10 respectively, as recom-
mended in [33]. Parameter \ is set to 0.1 and parameter
0 is set to 0.001. In our experiments, we show that the
default settings work well in practice, and the results are
not sensitive to various settings of the parameters.

L-BFGS is globally convergent on uniformly convex
problems, with a linear rate of convergence [27]. Through
the iterative invocation of L-BFGS, BCLM’s convergence
is assured as the penalty parameter is increased [33]; by
selecting a sufficiently large value of the penalty param-
eter, BCLM ensures that the Lagrange muliplier becomes
increasingly accurate to lead to the optimized probability
distribution P .
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3.3 Mining CATSs

After obtaining the resulting probability tensor P, val-
ues with probabilities greater than the initial probability
WM are clustered with the centroid. We first bina-
rize P by assigning ‘1’ to the values whose probabilities
are greater than the initial probability, and the rest as ‘0.
The binarized P becomes P € {0, 1}OIXIAIXITI,

We then use efficient 3D closed frequent itemset (CFI)
mining algorithm [5], [18] to mine sub-cuboids, which
correspond to CATSs. We set the minimum supports of the
algorithm to 1, to mine all CATSs. We define a sub-cuboid
as Ox AxT,where O C O, AC Aand T C T, and the
cells of the sub-cuboid are ‘I’s.

A CFI corresponds to a maximal biclique subgraph [26],
and this correspondence can be extended to a 3D CFI and a
maximal cross-graph biclique subgraph [38]. Since the set
of adjacency matrices of a maximal cross-graph biclique
subgraph can be represented as a sub-cuboid O x A x T,
this means that the sub-cuboid is also maximal. This inturn
infers that the corresponding CATS is maximal.

3.4 Time Complexity Analysis of CATSeeker

CATSeeker consists of three sub algorithms: SVDpruning,
BCLM and 3D CFI mining algorithm, and we analyze
the time complexity of each of them, per centroid. As
SVDpruning and BCLM are iterative algorithms, we can
restrict the number of iterations in them.

Algorithm SVDpruning uses SVD, which consists of
two computations: reducing the matrix M to a bidiagonal
matrix, and diagonalizing the bidiagonal matrix. The time
complexity of the first computation is O(|O|(|A||T])?),
and the second computation is O((|.A||T)?) [43]. Let ng
be the number of iterations of SVDpruning, and the time
complexity of SVDpruning is O(ns|O|(|A||T])?).

Algorithm BCLM uses algorithm L-BFGS, which is also
an iterative algorithm. Let np and n; be the number of
iterations of algorithms BCLM and L-BFGS respectively.
In an iteration of L-BFGS, functions F(P) and VF(P)
are calculated, and both of their time complexity are
O(|O||A||T]). Hence the time complexity of algorithm
BCLM is O(npn.|O||A||T]).

3D CFI mining algorithms [5], [18] use the set enumer-
ation tree approach to mine sub-cuboids from the binarized
probability tensor P, and the worst case time complexity
of this approach is exponential to the number of clusters
generated [42]. However, by using SVDpruning to prune
P and BCLM to identify the cluster regions of P, only
true CATSs, and not spurious clusters, are generated. Let
N be the number of CATSs generated. The worst case
time complexity of generating CATSs is O(dN), where d
is the overhead cost, which depends on the 3D CFI mining
algorithm used.

In summary, the time complexity of CATSeeker per
centroid is O(ng|O|(|A||T])? + ngni|O||A||T| + dN).

4 EXPERIMENTATION RESULTS

Our experiments consist of five parts: (1) efficiency analysis
and (2) parameter sensitivity analysis of CATSeeker, (3)

quality analysis of the clusters mined by different algo-
rithms, (4) application on stock market, and (5) application
on protein structure.

Algorithms Used for Comparison We took five
algorithms that broadly represent the different classes of
subspace clustering as comparison; actionable subspace
clustering MASC [39], parameter sensitive 3D and 2D
subspace clustering TRICLUSTER [48] and STATPC [31]
respectively, parameter insensitive 3D and 2D subspace
clustering MIC [37] and STATPC [31] respectively. For
2D subspace clustering MaxnCluster and STATPC, we
need to mine subspace clusters from each timestamp, and
intersect all combinations of the subspace clusters to form
3D subspace clusters. To reduce their redundancies, we only
output 3D subspace clusters that are maximal.

All algorithms were coded in C++, and codes or pro-
grams for competing algorithms were kindly provided by
their respective authors. All experiments were performed
using computers with Intel Core 2 Quad 3.0 GHz CPU, 8Gb
RAM. They were performed in Windows 7 environment,
except for experiments involving TRICLUSTER, which
were performed in Ubuntu 10.10 environment. We used the
code from ALGLIB [2] for algorithm L-BFGS and SVD.

For CATSeeker, we used the default settings for the
parameters of algorithm BCLM given in [33], [39],
7=1, u=10, 6=0.001, A=0.1. Unless otherwise stated, we set
p=0.3 and select centroids by setting the minimum average
utility threshold y,;,=0.5.

Datasets Used We used both synthetic and real world
datasets in our experiments, for a comprehensive study.

Synthetic Datasets In our synthetic dataset D, the
values of the objects are randomly valued from 0 to 1,
and the utilities of the objects are randomly valued from
-1 to 1. We randomly embedded 10 CATSs, each having
15-25 objects, 5-10 attributes and 5-10 timestamps in D.
In order to ensure homogeneity in each cluster, we set a
maximum difference allowance, diff, on its objects’ values
on each feature (a, t) of the cluster. Unless otherwise stated,
the synthetic dataset D contains 1000 objects, 10 attributes,
10 timestamps, the utility of the objects in the cluster is at
least 0.5 and the diff is at most 0.1. Hence, the volumes of
the clusters are from 0.375 to 2.5% of the dataset D, and
mining such small clusters is a non-trival problem.

Protein Structural Dataset ~ We extracted the Ca atom
coordinate of each residue from the molecular dynamics
structural ensemble of K-Ras protein [29] to define a dataset
of 167 residues (objects), 4 positional dynamics (attributes)
and 182 timestamps. The crystallographic B-factor of each
residue o is used as the utility u,, and is constant across
time. The positional dynamics are calculated with respect
to 4 reference structures, each obtained at every interval of
10 nanoseconds. The value v,,; is the Euclidean distance
between residue o’s positional Cartesian (X,y,z) coordinate
at time ¢ and at the reference structure indexed by a.

Stock Market Dataset  We downloaded 28 years (1980
to 2006) of financial figures and price data of all North
American stocks from Compustat [9]. We converted these
financial figures into 30 financial ratios, based on the
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formulae from Investopedia [17] and Graham’s ten criteria
[34]. We removed microcap stocks (whose prices are less
than USD$5) from the data as these stocks have a high
risk of being manipulated and their financial figures are
less transparent [44]. Hence, we have a continuous-valued
3D dataset of 3200 stocks x 30 financial ratios x 28 years,
and 20% of the dataset are missing values.

4.1 Efficiency Analysis of CATSeeker

We investigated how the number of objects and attributes
of continuous-valued 3D data D affect the computation
costs of CATSeeker. We did not conduct experiment on
the time dimension, since it is handled similarly with
the attribute dimension. We compared the efficiency of
CATSeeker with MASC, as it is the only other centroid-
based 3D subspace clustering algorithm. We also compared
CATSeeker with STATPC and MIC, as these two algorithms
are parameter insensitive and default parameter setting can
be used. We did not compare with the other algorithms, as
their efficiency depends on their parameter settings.

Given that both CATSeeker and MASC are run per
centroid, we ran 10 centroids for each dataset D and
averaged their running time to obtain the results.

First, we varied the number of objects from 10,000-
100,000 and fixed the number of timestamps and number of
attributes at 10, resulting in a medium-sized 3D dataset with
1-10 million values. The results in Figure 5(a) show that
the running time of CATSeeker is a polynomial function of
the number of objects. Both STATPC and MIC could not
finish running after 6 hours.

Second, we varied the number of attributes from 500-
4000 and fixed the number of objects at 1,000 and number
of timestamps at 10, resulting in a medium-sized 3D dataset
with 5-40 million values. Figure 5(b) presents the results,
which also shows that the running time of CATSeeker is
a polynomial function of the number of attributes. Again,
STATPC and MIC could not finish running after 6 hours.

Both experiments show that CATSeeker took at most 500
seconds to finish the mining task, which is reasonable for
real-world applications containing medium-sized datasets.
For MASC, we can see that it is orders of magnitude slower
than CATSeeker. This is due to two reasons; first, for each
centroid, MASC needs to run its optimization algorithm | A
times, while CATSeeker only needs to run its optimization
algorithm once. Second, MASC does not prune the dataset,
while CATSeeker does. STATPC and MIC are slower than
CATSeeker as they mine the complete set of subspace
clusters, while CATSeeker is run per centroid.

4.2 Parameter Sensitivity Analysis of CATSeeker
4.2.1 Tuning Parameters

We evaluated how the neighborhood parameter p, Lagrange
multiplier A\, accuracy parameter J, tolerance parameter 7
and penalty parameter . (see Section 2 and Section 3.2 for
details of the parameters) of algorithm CATSeeker affect
the mining of the embedded clusters, in a wide range of
synthetic datasets with embedded clusters. Each parameter
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Fig. 5. Average running time of algorithms when

varying the (a) number of objects and (b) number of
timestamps or attributes in 3D synthetic datasets.

is tested on a total of 110 datasets D; we varied diff from
0-0.2 (with an interval of 0.02), to obtain 11 settings of
diff, and for each diff setting, we created 10 datasets D.

Let C* be the set of embedded CATSs, and C* = O* x
A* xT™* be one such embedded cluster. Similarly, let C be
the set of mined CATSs, and C' = O x A x T be one such
mined CATS. We use the following metrics to measure the
closeness of C to C* [16].

Recoverability measures the ability of C' to recover C*

r(S*,S)

re(C*) = max
: e

ceC
teT*

where (S*, S) = |S*NS| such that S* = O* x A*x{t} C
C*,S=0xAx{t}cC.

Spuriousness is used to measure how many spurious or
redundant values are in the actionable subspace cluster C.

. s(S,5%)
sp(C) = min > =5
teT
where s(S,5*) = |S|—]5*NS| such that S* = O* x A* x
{t}cC*,S=0xAx{t} cC.

Significance is a measure to find the best trade-off
between recoverability and spuriousness. High significance
indicates high similarity between the mined and the em-
bedded clusters.

2Re(1 -5
Sl'gl’ll.ﬁcance = M
where Re = ) .co.me(C*) and Sp = sp(C).
Figure 6(a-e) present the average significance
of the mined CATSs from the synthetic datasets,
across the varying settings of the parameters.

Parameters p,d, A\, 7 and p are varied in the intervals
[0.1,1],[1077,0.1],[10~*,100], [10~%, 100] and [10~*,100]
respectively. For 0, \,7 and p, the significance of their
results is high across a wide range of their settings,
meaning that the clustering results are insensitive to the
parameters. For p, the significance of its results is high
from 0.2 to 0.5, which is still a considerable range.

4.2.2 Centroid Selection Parameter w,;»,

We investigated the sensitivity of using ,,;, in obtaining
the true centroids in a wide range of synthetic datasets. To
this end, we checked if the selected centroids using iy,
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Fig. 6. (a),(b),(c),(d),(e) Significance of the CATSs mined by varying the parameters p, 3, A, 7, u across different
settings of diff. (f) Significance of the CATSs mined by varying u.,.;, and by random selection of centroids, across

different settings of diff.

can be used to mine the embedded clusters in the synthetic
datasets. We varied u,,,;, from 0.1-0.9, and for each ,,;,,
we select centroids whose average utilities . are within
[tmin, Umin +0.1). Similar to previous experimental setup,
we created 110 datasets D, by varying diff from 0-0.2. The
objects’ utilities in the embedded clusters are at least 0.5.

Figure 6(f) presents the results, which shows that we are
able to mine the embedded clusters using centroids whose
average utilities are from 0.5-0.8, as shown by the high
significance of the results in this range. The significance of
the results in other settings of [Umin, Umin + 0.1) is low
as good centroids are filtered out. Hence, if the objects’
average utilities in the clusters are at least ;,,;n, then
objects whose average utilities that are in [ty , Umin+0.3]
can be chosen as centroids.

We also randomly selected 10% of the objects as cen-
troids in each dataset, and evaluated the quality of the
clusters mined using them. The line in Figure 6(f) presents
the result. Surprisingly, the significance of the clusters
are high for diff from 0-0.12, although the centroids are
randomly selected. This result shows that it is still possible
to mine good quality clusters, even without selection of
centroids by users.

4.3 Evaluation of the Quality of the Clusters

We created synthetic datasets with embedded clusters, and
used the embedded clusters as the ‘ground truth’ to evaluate
the quality of the clusters mined by the different algorithms.
We also studied the effectiveness of the SVDpruning of

CATSeeker by comparing it with (1) CATSeeker without
SVDpruning and (2) CATSeeker with simple pruning. In
CATSeeker with simple pruning, values below a threshold
in the homogeneous tensor are pruned.

TRICLUSTER and MaxnCluster have 7 and 3 parame-
ters respectively, and it is hard to enumerate all possible set-
tings. Hence, we give them an unfair advantage by setting
their minimum object (min,), attribute (min, ), timestamps
(ming) sizes in accordance to those of the embedded clus-
ters. For TRICLUSTER, we varied its similarity parameters
€=0.01,0.05,0.1 and 6*=0.01,0.1,1, and for MaxnClus-
ter, we varied its similarity parameter 0=0,0.5,0.9. For
STATPC, MIC and MASC, we used their default settings,
unless otherwise stated.

4.3.1 Varying diff

For a thorough comparison, this experiment was conducted
on 110 datasets D; we varied diff from 0-0.2 (with an
interval of 0.02), to obtain 11 settings of diff, and for
each diff setting, we created 10 datasets D. Figure 7(a)
presents the average significance of the clusters mined
by the different algorithms. We show the best results of
TRICLUSTER (TRI) and MaxnCluster (MNC), among
their varying parameter settings. We denote CATSeeker
without SVDpruning as Prune 0, and CATSeeker with
simple pruning at threshold 0.5 and 0.9 as Prune 0.5 and
Prune 0.9 respectively. For MIC, we set its p-value to
10~29, as it could not finish running after 24 hours at its
default setting.
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Fig. 7. Quality of the 3D subspace clusters mined by
different algorithms across 110 synthetic datasets, by
varying the (a) diff and (b) utility of the objects in the
embedded clusters.

In Figure 7(a), the significance of CATSeeker is the high-
est across all diff and even at a large diff, the significance is
maintained at more than 0.9. This result demonstrates the
robustness of CATSeeker in mining clusters, compared to
the other algorithms.

For TRICLUSTER and MaxnCluster, both performances
drop as diff increases. Although STATPC and MIC are
parameter insensitive, they performed poorly in this experi-
ment. MASC performed poorly even when diff is small, due
to the stringent requirement of the cluster to be present in
each timestamp of the dataset.

On the pruning approach of CATSeeker, pruning O has
high significance when diff is low, but its performance
drops as diff increases. Thus, there is a need to prune the
homogeneous tensor. However, a simple pruning approach
is ineffective (e.g. the low significance of Prune 0.5 and
Prune 0.9 in Figure 7(a)) due to its inability to recognize
the correct regions to be pruned.

4.3.2 \Varying utility
We created 110 datasets D for this experiment; we varied
the utility of the objects in the embedded clusters of the
datasets D from 0.1-0.9 (with an interval of 0.1), to obtain
9 settings of utility, and for each utility setting, we created
10 datasets D. For CATSeeker, we set ,,;, to be the same
as the utility of the objects in the embedded clusters.
Figure 7(b) presents the average significance of the
clusters mined by the different algorithms. The top per-
former is CATSeeker for utility > 0.4. The effectiveness
of CATSeeker increases as the utility increases. Similar to

the previous experiment, the competitors performed poorly,
which highlight two points: utility helps to improve the
clustering and for the other algorithms, it is hard to set
their correct parameter settings, to get the actual clusters.

4.4 Applications on the Protein Structural Dynam-
ics and the Stock Market

Real world data normally do not have the ‘ground truth’
of the synthetic dataset that we used in Section 4.2 and
4.3, to evaluate the actionability of the results. Thus, in
our experiments on the protein structural dynamics and
the stock market, we evaluated the actionability of the
clusters, by their identification of potential drug binding
residues and the profits that they generate from financial
data respectively.

4.4.1
namics

Biologists are interested in the catalytic or binding site of
a protein structure (which consists of amino acid residues),
where drug molecules can bind to stop the aberrant function
of the protein. A drug that binds to the conserved catalytic
site of a target (disease) protein, can simultaneously bind
to the catalytic site of other proteins which are required
for normal functions, hence leading to unwanted side
effects. Instead of targeting the conserved catalytic site, it
is desirable to seek an alternative site, named allosteric site
(formed by regulating residues), where drug molecules can
bind selectively only to the disease protein but not other
proteins in the family.

In this experiment, we attempted to find biologically
significant clusters that contain catalytic residue 61 and
regulating residues from the K-Ras protein, as they are
potential drug binding sites. K-Ras is selected because of its
highest prevalence in cancer among the Ras proteins, and
mutation of residue 61 is associated with a large number
of cancers [35]. A cluster is biologically significant if it is
small and functional; small clusters are desirable because
they render drug design efforts manageable, and a cluster
is functional if it contains residues located at catalytic and
allosteric sites, which regulate the protein function(s). For
the K-Ras protein, a cluster is functional if it contains
catalytic sites loop 2 (residues 26-36) and loop 4 (residues
59-65), and allosteric site helix 3-loop 7 (residues 98-108).

It is challenging to identify the allosteric site because
it is less conserved than the catalytic site. Fortunately, the
residues of the allosteric site can be mined based on (1)
their highly flexible nature and (2) the similarity of their
dynamics to the residues of the catalytic site (loop). To
measure the flexibility of the residues, we use B-factor
that accounts for the thermal motions of residues, can be
used. The information on the residues’ dynamics can be
obtained from molecular dynamics simulation producing an
ensemble of structures at varying timepoints [30].

For CATSeeker, MASC and STATPC, we used their
default settings, and we used residue 61 as the centroid
for CATSeeker and MASC. For TRICLUSTER and Maxn-
Cluster, we used the same similarity parameter settings as

Clusters of residues from protein structural dy-
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TABLE 2
Summary of the clusters of residues found in K-Ras
protein structural dynamics

Algorithm No. of | Max No. of | No. of biologi-
Clusters cluster Clusters with cally significant
size residue 61 clusters
CATSeeker 164 7 164 (100%) 141 (86%)
MASC 0 N/A N/A N/A
MnC 0=0 0 N/A N/A N/A
6=0.5 864 121 12 (1.4%) 0
6=0.9 557 161 557 (100%) 0
MIC p=0.0001 9 14 0 0
p=0.001 136 28 8(5.8%) 0
STATPC 93 115 0 0
TRI 6 = 0.01 4 2 0 0
6% = 0.1 4 2 0 0

in Section 4.3, and we set min,=min,=min;=2 for TRI-
CLUSTER, and min,=min;=10, min,=2 for MaxnClus-
ter. Setting parameters for parameter-sensitive algorithm is
not easy, as the minimum sizes and similarity parameters
must be balanced to prevent an exponential number of
clusters, or no clusters, to be generated.

Table 2 presents the summary of the clusters mined by
the different algorithms. CATSeeker is the only algorithm
that succeeds in finding biologically significant clusters.
MASC is the other centroid-based subspace clustering
algorithm, but it does not find any cluster because it
strictly requires a cluster to occur in every timestamp.
MaxnCluster (6=0.5) and MIC (P=0.001) find clusters with
residues 61 but they are not biologically significant because
non-catalytic or non-allosteric residues are also clustered
together with residue 61. STATPC and MaxnCluster (6=0.9)
find large-size clusters which are undesirable.

CATSeeker is able to cluster K-Ras catalytic residue 61
with physically closed catalytic residues 29, 31, and 62, and
interestingly with physically far allosteric residues 101-102,
104-106 (Figure 2). This shows that CATSeeker is able
to capture their homogeneous dynamics in subspaces of
time (i.e. not across all time). Moreover, these residues are
relatively flexible (high utility, i.e. B-factor) as compared to
the other residues of K-Ras (Figure 2). Overall, CATSeeker
is able to identify a novel allosteric site which is essential
for discovering selective drug molecules that interfere with
K-Ras oncogenic functions [3], [15].

4.4.2 Clusters of profitable stocks

Value investment is a type of investment strategy where
investors select stocks based on their fundamentals (finan-
cial ratios). The founder of value investment, Benjamin
Graham, has formulated one of the most successful value
investment strategies [34], which is based on a set of rules.
Graham’s strategy consists of a buy and a sell phase. The
buy phase requires the analysis of the stock data for the
past 10 years and if a stock fulfills Graham’s rules, the
stock will be bought [34]. In the sell phase, the stock is
sold if its price appreciates to at least 50% within the next
two years. Otherwise, it is sold after two years.

We have 17 ten-year stock data (training data) 1980-
1989, 1981-1990, ..., 1997-2006, resulting in 17 buy and
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Fig. 8. (a) Average return and risk and (b) average

return/risk ratio of the different investment strategies.

sell phases. In a stock data, a selected stock is bought based
on its closing price of the last day of its last fiscal year, and
it is sold based on its closing price of the last day of its
later fiscal years. Using Graham’s strategy, we calculated
the average return of the selected stock purchases on the 17
stock data, which is a considerable average return of 11.2%,
with a risk of 0.25 (standard deviation of the return).

We studied the effectiveness of replacing Graham’s rule
based buy phase with clustering based buy phase. CATS
is suitable for this value-investment problem; to identify
potential good stocks, CATSeeker clusters stocks which
have similarly good fundamentals (homogeneous subset of
financial ratios), and historical high price returns (utilities).

In the buy phase of the clustering based strategy, we
mined CATSs in a stock dataset and bought the stocks that
are in the clusters. We only buy stocks which are in clusters
that contain the latest year, e.g. if the stock data is 1980-
1989, the clusters must contain year 1989, assuming that
investments are made on the latest information. We take
the price return of a stock o at year ¢ as the utility ¢,
and the average price return of o as the average utility u,
over the ten years of the stock data. We set the threshold
Umin = 0.8 to select centroids which have high w,.

For TRICLUSTER and MaxnCluster, we used the same
similarity parameter settings as in Section 4.3. For TRI-
CLUSTER, we set min,=min,=min;=2, and for Maxn-
Cluster, we set min,=10, min,=min;=5 when 6 = 0, and
min,=min,=20, min,;=5 when 6=0.5,0.9. For the other
algorithms, we used their default parameter settings.

Figure 8(a) presents the average return and risk of
the stocks bought based on the different algorithms and
Graham’s strategy. The most desired result is in the top-
left corner of the figure, which corresponds to high return
with low risk. We can see that using CATSeeker leads
to an average return of 30% with a low risk of 0.2.
Both TRICLUSTER and MaxnCluster have high return but
high risk, which are undesirable. Figure 8(b) shows the
return/risk ratio, and high ratio is desired, as it implies high
return with low risk. CATSeeker has the highest return/risk
ratio, and is 82% better than the next better competitor. This
shows the usefulness of CATSeeker in financial application.

5 RELATED WORK

Majority of the subspace clustering algorithms handle 2D
data [8], [11], [12], [24], [28], [31], i.e. data having two
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dimensions, namely object and attribute. More recently,
algorithms have been proposed to handle 3D data [5],
[13], [18], [19], [37], [39], [47], [48], i.e. data having an
additional context dimension (typically time or location).
The solutions in [5], [13], [18] mine subspace clusters in
3D binary data, thus they are not suitable for the more
complicated 3D continuous-valued data. Xu et al. [47]
mine 3D subspace clusters that are non-axis-parallel, so
it is not within our scope. Only algorithms GS-search
[19], TRICLUSTER [48], MASC [39] and MIC [37] mine
subspace clusters in 3D continuous-valued data.

GS-search [19] and MASC [39] ‘flatten’ the continuous-
valued 3D dataset into a dataset with a single timestamp.
They require the clusters to occur in every timestamp, and it
is hard to find clusters in dataset that has a large number of
timestamps. CATSeeker, TRICLUSTER [48] and MIC [37]
have the concept of subspace in all three dimensions, i.e.
they mine 3D subspace clusters that are subsets of attributes
and subsets of timestamps.

TRICLUSTER [48] is the pioneer work on mining 3D
subspace clusters with the concept of subspace in all three
dimensions. Its clusters are highly flexible as users can use
different homogeneity functions such as distance, shifting
and scaling functions. Users are required to set thresholds
on the parameters of these homogeneity functions and
clusters that satisfy these thresholds are mined.

TRICLUSTER, along with most of the subspace cluster-
ing algorithms, are parameter-based (clusters that satisfied
the parameters are mined), and their results are sensitive
to the parameters. In general, it is difficult to set the
correct parameters, as they are not semantically meaningful
to users. For example, the distance threshold [28], [48]
is a parameter that is difficult to set; at any distance
threshold setting, different users can perceive its degree of
homogeneity differently. Moreover, at certain settings, it is
possible that a large number of clusters will be mined.

Algorithm MIC [37] proposed mining significant 3D
subspace clusters in a parameter insensitive way. Significant
clusters are intrinsically prominent in the data, and they are
usually small in numbers. There are also works that use the
concept of significance, but they focus on mining interesting
subspaces [20], [36] or significant subspaces [6], and not
on the mining of subspace clusters.

Both TRICLUSTER and MIC do not allow incorporation
of domain knowledge into their clusters, and their clusters
are not actionable. Only CATSeeker and MASC [39] can
achieved these. However, CATSeeker is better than MASC,
in the handling of subspace clusters in 3D data and in terms
of efficiency and scalability.

1) CATSeeker mines CATSs, which are subspace clus-
ters in 3D subspaces, while MASC mines subspace
clusters, which must occur in every timestamp of the
dataset.

2) CATSeeker uses a SVD-based algorithm to effec-
tively prune the search space, while MASC does not
prune the search space.

3) CATSeeker is guaranteed to be |.A| times faster than
MASC, where |A| is the number of attributes. For

each centroid, MASC needs to run the optimization
algorithm |A| times, whereas CATSeeker only needs
to run it once.

There is constraint subspace clustering [11], and con-
straint is similar to actionability, as both dictate the clus-
tering in a semi-supervised manner. However, constraints
are indicators if objects should be clustered together, while
utilities (that represent actionability) are continuous values
indicating the quality of the objects.

In summary, there lacks a centroid-based, actionable 3D
subspace clustering algorithm that is parameter insensitive
and efficient. CATSeeker can effectively achieve all these.

6 CONCLUSION

Mining actionable 3D subspace clusters from continuous-
valued 3D (object-attribute-time) data is useful in domains
ranging from finance to biology. But this problem is non-
trivial as it requires input of users’ domain knowledge, clus-
ters in 3D subspaces, and parameter insensitive and efficient
algorithm. We developed a novel algorithm CATSeeker
to mine centroid-based actionable 3D subspace clusters
(CATS), which concurrently handles the multi-facets of this
problem. In our experiments, we verified the effectiveness
of CATSeeker in synthetic and real world data. In protein
application, we show that CATSeeker is able to discover
biologically significant clusters (particularly residues that
form potential drug binding site) while other approaches
have not succeeded. In financial application, we show that
CATSeeker is 82% better than the next best competitor
in the return/risk (maximizing profits over risk) ratio. For
future work, we plan to develop an algorithm where the
optimal centroids are mined during the clustering process,
instead of using fixed centroids.
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